In this paper, we show that the spaces of sections of the n-th differential operator bundle D n E and the n-th skew-symmetric jet bundle J n E of a vector bundle E are isomorphic to the spaces of linear n-vector fields and linear n-forms on E * respectively. Consequently, the n-omni-Lie algebroid DE ⊕ J n E introduced by Bi-Vitagliago-Zhang can be explained as certain linearization, which we call pseudo-linearization of the higher analogue of Courant algebroids T E * ⊕ ∧ n T * E * . On the other hand, we show that the omni n-Lie algebroid DE ⊕ ∧ n JE can also be explained as certain linearization, which we call Weinstein-linearization of the higher analogue of Courant algebroids T E * ⊕ ∧ n T * E * . We also show that n-Lie algebroids, local n-Lie algebras and Nambu-Jacobi structures can be characterized as integrable subbundles of omni n-Lie algebroids.
Omni n-Lie algebras and n-omni-Lie algebroids
Recently, the higher analogues of the standard Courant algebroid T M ⊕ ∧ n T * M are widely studied due to applications in Nambu-Poisson structures, multisymplectic structures, L ∞ -algebra theory and topological field theory [1, 3, 12, 14, 15, 17, 37] . In [26] , the authors introduced the notion of an omni n-Lie algebra gl(V ) ⊕ ∧ n V and proved that it is the base-linearization of the higher analogue of the standard Courant algebroid T M ⊕ ∧ n T * M . Moreover, the (n + 1)-Lie algebra structures on V can be characterized as integrable subspaces of the omni n-Lie algebra gl(V ) ⊕ ∧ n V . n-Lie algebras (also called Filippov algebras) are the underlying algebraic structures of Nambu-Poisson structures, and have many applications in mathematical physics. See the review article [10] for more details. We summarize the above relation by the following diagram:
base-linearization base-linearization
To study the higher analogue of the omni-Lie algebroid, the notion of an n-omni-Lie algebroid was introduced in [2] , which is the direct sum of the covariant differential operator bundle DE and the n-th jet bundle J n E together with a pairing and a bracket operation. Multicontact structures can be seen as integrable subbundles of n-omni-Lie algebroids. Note that when the vector bundle E reduces to a vector space V , one can not obtain the aforementioned omni n-Lie algebra since J n V = 0. On the other hand, (n + 1)-Lie algebroid structures on E can not be characterized by integrable subbundles of the n-omni-Lie algebroid DE ⊕ J n E.
Main results
Since the omni-Lie algebroid DE⊕JE can be understood as certain linearization of the standard Courant algebroid T E * ⊕T * E * , it is natural to expect that the n-omni-Lie algebroid given in [2] can be explained as certain linearization of the higher analogue of Courant algebroids T E * ⊕ ∧ n T * E * . On the other hand, due to limitations of the n-omni-Lie algebroid mentioned at the end of the last subsection, it is also natural to expect another geometric object that enjoys the following properties:
• When the vector bundle reduces to a vector space, it reduces to the omni n-Lie algebra introduced in [26] ;
• n-Lie algebroid structures on a vector bundle can be characterized as certain integrable subbundles;
• It is certain linearization of T E * ⊕ ∧ n T * E * .
The purpose of this paper is to answer the above questions. We give an alternative explanation of the n-omni-Lie algebroid introduced in [2] . We find that linear n-vector fields and linear n-forms on a vector bundle E are sections of the n-th differential operator bundle D n E and the n-th jet bundle J n E respectively. As a consequence, the n-omni-Lie algebroid DE ⊕ J n E can be viewed as certain linearization, called pseudo-linearization, of the higher analogue of Courant algebroid T * E ⊕ ∧ n T * E * . On the other hand, if we understand JE as constant 1-forms on E * , it is natural to use constant n-forms, that is ∧ n JE, to replace J n E that used in [2] . Based on this observation, the notion of an omni n-Lie algebroid is introduced that enjoys the above properties. More precisely, an omni n-Lie algebroid associated to a vector bundle E is the direct sum bundle DE ⊕ ∧ n JE together with an anchor, a pairing and a bracket operation (see Definition 3.2) . When E reduces to a vector space V , we obtain the omni n-Lie algebra gl(V ) ⊕ ∧ n V naturally. Moreover, we show that the omni n-Lie algebroid DE ⊕ ∧ n JE can also be viewed as certain linearization, called Weinstein-linearization, of T E * ⊕ ∧ n T * E * . When rankE ≥ 2 (resp. rankE = 1), (n + 1)-Lie algebroid structures (local (n + 1)-Lie algebra structures) on E can be characterized as integrable subbundles of the omni n-Lie algebroid DE ⊕ ∧ n JE. We summarize the relations by the following diagram:
base-linearization geometric generalization
Weinstein-linearization
pseudo-linearization
We summarize n-omni-Lie algebroids and omni n-Lie algebroids by the following table: omni n-Lie algebroids n-omni-Lie algebroids
higher Dirac-Jacobi structures Nambu-Jacobi structures on M exact multi-symplectic structures Leibniz algebroid structures on ∧ n JE omni n-Lie algebra gl(V ) ⊕ ∧ n V -
The goal of this section is to give a geometric explanation of the n-omni-Lie algebroid DE ⊕ J n E introduced in [2] . We understand it as a linearization of the higher analogue of Courant algebroids T E * ⊕ ∧ n T * E * in the sense that Γ(DE) and Γ(J n E) are spaces of linear vector fields and linear nforms ([4]) on the vector bundle E * . Indeed, we give the geometric supports of the linear n-vector fields and linear n-forms on a vector bundle.
We first recall the n-th differential operator bundle D n E and the n-th skew-symmetric jet bundle J n E of a vector bundle E.
A covariant differential operator for a vector bundle E → M is a smooth map d : Γ(E) → Γ(E), such that there is an element X d ∈ X 1 (M ), called the symbol, satisfying
The covariant differential operator bundle DE of a vector bundle E with the commutator bracket [·, ·] is a Lie algebroid, which is indeed the gauge Lie algebroid of the frame bundle F(E). The corresponding Atiyah sequence is as follows:
The first jet bundle JE of a vector bundle E is the bundle whose fiber over a point m ∈ M is the space
In [5] , the authors proved that the first jet bundle JE may be considered as an E-dual bundle of DE, i.e.
Associated to the jet bundle JE, there is a jet sequence of E given by:
This sequence does not necessarily split, but on the section level, it does:
A useful formula is
There is an E-valued pairing between JE and DE defined by
The n-th differential operator bundle D n E is introduced in [8, 30] as
When rankE ≥ 2, it fits into the following exact sequence:
There is a graded Lie algebra structure on D • E ([8]) given as follows:
for u i ∈ Γ(E) and τ is taken over all (k, l − 1)-shuffles.
In [6] , the authors introduced the n-th skew-symmetric jet bundle
Moreover, the n-th skew-symmetric jet bundle also fits into an exact sequence
There is a complex : J • E → J •+1 E. It is given as a subcomplex of the Chavelley-Eilenberg complex of the Lie algebroid DE with the natural representation on the vector bundle E, whose differential
See [6, Lemma 3.6] for details.
Linear n-vector fields on a vector bundle
For a vector bundle p E : E → M , identify Γ(E * ) with the space of functions on E which are linear along each fiber. A section of the first differential operator bundle DE * maps a section of E * to a section of E * , which is viewed as a linear vector field on E. Denote by X 1 lin (E) the space of linear vector fields on E. We have Γ(DE * ) ∼ = X 1 lin (E). We shall generalize this result to linear n-vector fields. Actually, linear n-vector fields studied in [4, 20] are isomorphic to sections of n-th differential operator bundle D n E introduced in [8, 30] . 20] ). Note that, if n > rankE + 1, any n-vector field on E is linear.
Assume that rankE > 1 and let (x i , u j ) be a local coordinate of E, where x i and u j are the coordinate functions on M and the fiber respectively. Then a linear n-vector field on E has the local expression
Denote by X n lin (E) the space of linear n-vector fields on E. As explained in [20] , a linear n-vector field π for n ≥ 2 has the properties that π(dφ 1 , · · · , dφ n−1 , dp
As a consequence, from a linear n-vector field π, we obtain δ 0 : C ∞ (M ) → Γ(∧ n−1 E) and δ 1 :
for u ∈ Γ(E). This correspondence is actually one-to-one; see [20] .
We are now at the position to state our main result in this section. We find that the n-th differential operator bundle D n E * of E * is indeed the geometric support of linear n-vector fields on E: 
of graded Lie algebras, whered is determined bŷ
where : Γ(E) → Γ(JE) is the natural map given by (3) .
Proof. First, we prove that linear multivector fields on E are closed under the Schouten bracket, namely,
for any φ i ∈ Γ(E * ). In fact, we have
where σ and τ are taken over all the (k, l − 1)-shuffles and (l, k − 1)-shuffles respectively. As Y is linear, we get that Y (dφ σ 1 , · · · , dφ σ k ) ∈ Γ(E * ). Also since X is linear, we further get that
Secondly, we check that d →d is an isomorphism of graded vector spaces. We shall find its inverse. For X ∈ X n lin (E), defineX ∈ Hom(∧ n JE * , E * ) by
The function linear property ofX requires thať
By (8) , there exists a vector field (X ♯ (dφ 1 , · · · , dφ n−1 )) ∈ X 1 (M ) such thať
Thus we proved thatX ∈ Γ(D n E * ). So we get a map X n lin (E) → D n (E * ), X →X, which is actually the inverse of the map d →d.
At last, we show that
Actually, we have
We thus proved that d →d defines an isomorphism of graded Lie algebras.
By [8, 30] , the exact sequence (4) always splits when rankE ≥ 2.
. By definitions, we obtain
Linear n-forms on a vector bundle
It is well known that linear * 1-forms on a vector bundle E can be viewed as sections of the first jet bundle JE * . Here we find that linear n-forms studied in [4] are sections of the n-th jet bundle J n E introduced in [6] .
is a morphism of vector bundles, where λ : ⊕ n−1 T M → E * is the covering map on the base manifolds. The space of linear n-forms on E is denoted by Ω n lin (E). * Here "linear" is in the sense that JE * is the space of linear sections of the double vector bundle (T * E; E * , E; M ) over E or in the sense of [4] .
As the map λ is skew-symmetric, it is a bundle map ∧ n−1 T M → E * . In particular, a linear 1-form is a section of T * E → E which induces a bundle map from E → M to T * E → E * . In other words, it is a linear section of T * E → E in the double vector bundle (T * E; E, E * ; M ), which is a section of JE * .
Choose a local coordinate (x i , u j ) on E, where x i and u j are the coordinate functions on M and the fiber respectively. Then an n-form on E is linear if and only if locally it has the formula ( [4] )
We give another equivalent description of linear n-forms on E by use of the linear vector fields on E.
If Λ is linear, by the local formula (9), it is straightforward to see that
It is similar for the converse.
We shall show that J n E * serves as the geometric support of linear n-forms on a vector bundle E. The following theorem is a dual of Theorem 2.1.
Theorem 2.9. For a vector bundle E, we have dΩ n lin (E) ⊂ Ω n+1 lin (E). Moreover, we have an isomorphism of cochain complexes:
whereμ is determined byμ
Proof. Locally a linear n-form Λ ∈ Ω n lin (E) has the formula (9). Taking the de Rham differential, we have
which is still of the form (9) . So dΛ is a linear (n + 1)-form on E. We get that dΩ n lin (E) ⊂ Ω n+1 lin (E). Then we check that µ →μ is well-defined. It is obvious thatμ(X 1 , · · · , X n ) ∈ Γ(E * ). And
is the map in (5) . Soμ ∈ Ω n lin (E) and the associated bundle
and it is the inverse of the map µ →μ. We get an isomorphism.
Now it is left to check µ →μ actually gives an isomorphism of cochain complexes, namely
We have the following diagram:
where the left two complexes are subcomplexes of the right two complexes. We note that the right vertical side is actually an isomorphism of cochain complexes. As Γ(DE) ∼ = X 1 lin (E), comparing the Chavelley-Eilenberg differential (6) and the de Rham differential, we have µ = d CE µ = dμ for µ ∈ Γ(J n E * ).
The exact sequence (5) of J n E splits on the section level ( [6] ). Corollary 2.10. We have 
an anchor map ρ :
and a higher Dorfman bracket on Γ(T n ):
They satisfy some properties similar to that for a Courant algebroid. The quadruple (T n , (·, ·), {·, ·}, ρ) is called a higher analogue of Courant algebroids in [1, 37] .
The n-omni-Lie algebroid of a vector bundle E (
Here
It is proved in [6, Proposition 3.2] that L d ν ∈ Γ(J n E).
By Theorem 2.1 and 2.9, linear vector fields and linear n-forms on E * can be seen as sections of DE and J n E respectively. So linear sections of T E * ⊕ ∧ n T * E * are sections of the vector bundle DE ⊕ J n E. Also, linear multivector fields and linear forms on a vector bundle are closed under the Schouten bracket and the de Rham differential respectively. The following lemma states that the linearity is also preserved by the Lie derivative and the contraction.
Lemma 2.15. We have
Proof. We prove by using the local coordinates. Choosing a local coordinate (x i , u j ) on E, suppose that Λ ∈ Ω n lin (E) takes the form of (9) and
So ι X Λ also takes the form of (9) and thus ι X Λ ∈ Ω n−1 lin (E). Note that L X Λ = dι X Λ + ι X dΛ. By Theorem 2.9 and ι X 1 lin (E) Ω n lin (E) ⊂ Ω n−1 lin (E), i.e. the linearity is preserved by both the de Rham differential and the contraction, we obtain L X Λ ∈ Ω n lin (E).
Recall from Theorem 2.1 and 2.9 that we have the isomorphisms
Theorem 2.16. For a vector bundle E, the n-omni-Lie algebroid DE ⊕ J n E is induced from the higher analogue of Courant algebroids (T E * ⊕ ∧ n T * E * , (·, ·), {·, ·}, ρ) by restricting to X 1 lin (E * ) ⊕ Ω n lin (E * ). Precisely, we have
Proof. By Theorem 2.1 and 2.9, we know that Γ(DE) ∼ = X 1 lin (E * ), Γ(J n E) ∼ = Ω n lin (E * ), and we have [d, t] = [d,t] S . We claim that
Indeed, for X 1 , · · · , X n−1 ∈ X 1 lin (E * ), we have ιdμ(X 1 , · · · , X n−1 ) =μ(d, X 1 , · · · , X n−1 ) = µ(d,X 1 , · · · ,X n−1 ) = ι d µ(X 1 , · · · , X n−1 ),
. By Theorem 2.9, we have dμ = µ.
By use of (11) and (12), we have ι d µ = ιd µ = ιddμ,
This completes the proof.
As a consequence, we call n-omni-Lie algebroids the pseudo-linearization of higher analogues of Courant algebroids. As the linearization, n-omni-Lie algebroids inherit many properties of the higher analogues of Courant algebroids. By [ Remark 2.18. When E = V , a vector space, the n-omni-Lie algebroid for n ≥ 2 is just gl(V ). So n-omni-Lie algebroids do not include omni n-Lie algebras studied in [26] as special cases.
3 Weinstein-linearization of T E * ⊕ ∧ n T * E * and omni n-Lie algebroids
On the vector bundle DE ⊕ ∧ n JE, we introduce an E ⊗ ∧ n−1 JE-valued pairing
and a bracket
where L d : Γ(∧ n JE) → Γ(∧ n JE) is defined by
is defined by
for ω ∈ Γ(J 2 E) and α i ∈ Γ(JE).
The following lemma makes sure that ι t is well-defined.
Proof. Let us prove this result by using Theorem 2.9. With respect to the relation between Ω 2 lin (E * ) and ∧ 2 Ω 1 lin (E * ), we have the following assertion:
In fact, it is direct from the formulas in local coordinates. Let (x i , u j ) be a local coordinate on E * , where x i is the coordinate function on the base manifold M and u j is the coordinate function on the fibers.
And a section Λ ∈ Ω 2 lin (E * ) has the form
Comparing the above two formulas, we get (16) .
Thus, by Theorem 2.9, we further get
This implies that ι t α i ⊗ ω in (15) belongs to Γ(∧ 2 JE). So both of the two terms in the right hand side of (15) belong to Γ(∧ n JE). We obtain ι t (ω ⊗ α 1 ∧ · · · ∧ α n−1 ) ∈ Γ(∧ n JE).
Based on this lemma, for t ∈ Γ(DE) and α ∈ Γ(∧ n JE), we have ι t α ∈ Γ(∧ n JE). Since L τ α ∈ Γ(∧ n JE) by definition, we further get ι t α ∈ Γ(∧ n JE).
Definition 3.2. The omni n-Lie algebroid † associated to a vector bundle E is a quadruple (DE ⊕ ∧ n JE, (·, ·), {·, ·}, ρ), where ρ is the anchor map
the E ⊗ ∧ n−1 JE-valued pairing (·, ·) and the bracket {·, ·} are given by (13) and (14) respectively.
3.1 Weinstein-linearization of higher analogues of Courant algebroids T E * ⊕ ∧ n T * E * In this subsection, we show that the omni n-Lie algebroid given in the last subsection is certain linearization of the higher analogue of Courant algebroids T E * ⊕ ∧ n T * E * .
By Theorem 2.9, we have the isomorphism Γ(∧ n JE) ∼ = ∧ n Ω 1 lin (E * ), α →α, wherê Proof. Based on Theorem 2.1 and 2.9, following the same manner as in Theorem 2.16, we could get this proof. We omit the details here. By Theorem 3.3 and the properties of higher analogues of Courant algebroids T E * ⊕ ∧ n T * E * , we get the following relations.
Proposition 3.4. The omni n-Lie algebroid (DE ⊕ ∧ n JE, (·, ·), {·, ·}, ρ) has the properties:
• ρ({e 1 , e 2 }) = [ρ(e 1 ), ρ(e 2 )];
• {e 1 , f e 2 } = f {e 1 , e 2 } + ( • ρ)(e 1 )f e 2 ;
• {e, e} = 1 2 (e, e);
• ρ(e 1 )(e 2 , e 3 ) = ({e 1 , e 2 }, e 3 ) + (e 2 , {e 1 , e 3 }), † By personal communication with Luca Vitagliano, we learned that this definition was also given in their original version of [2] , but not appeared in the published version.
for all e 1 , e 2 , e 3 ∈ Γ(DE ⊕ ∧ n JE), where : DE → T M is the map in (1) and : Γ(E ⊗ ∧ n−1 JE) → Γ(∧ n JE) is defined by the map
for u ∈ Γ(E) and α i ∈ Γ(JE), which is well-defined by (17) .
When the vector bundle E is a vector space, denoted by V , we have DE = gl(V ) and JE = V . In this case, the Lie derivative of DE on ∧ n JE and the contraction of ∧ n JE by DE are:
and
for X ∈ gl(V ) and α i ∈ V .
The omni n-Lie algebroid for a vector space V is
where the pairing (·, ·) takes values in V ⊗ ∧ n−1 V and is given by
and the bracket {·, ·} is defined by
Here ι X β and L X β are defined by (19) and (18) . This is the omni n-Lie algebra introduced in [26] , which is the base-linearization of the higher analogue of the standard Courant algebroid T M ⊕ ∧ n T * M .
Integrable subbundles of omni n-Lie algebroids and n-Lie algebroids
The definition of n-Lie algebroids, also called Filippov algebroids, was introduced in [13] . In this subsection, we show that the graph of Π ♯ : ∧ n JE → DE for Π ∈ Γ(D n+1 E) is an integrable subbundle of the omni n-Lie algebroid DE ⊕ ∧ n JE if and only if it defines an (n + 1)-Lie algebroid structure on E.
Definition 3.6. ([13] ) An n-Lie algebroid is a vector bundle E with a skew-symmetric n-bracket on its sections [·, · · · , ·] : Γ(E) × · · · × Γ(E) → Γ(E) satisfying the fundamental identity:
and a bundle map ρ : ∧ n−1 E → T M , called the anchor map, such that the Leibniz rule holds:
[u 1 , · · · , f u n ] = f [u 1 , · · · , u n ] + ρ(u 1 , · · · , u n−1 )(f )u n ,
When E is a vector space, this recovers the notion of an n-Lie algebra ( [11] ). The section space Γ(E) of an n-Lie algebroid with the n-bracket [·, · · · , ·] is an n-Lie algebra.
Remark 3.7. An n-Lie algebra structure on V gives rise to a Leibniz algebra structure on ∧ n−1 V ( [9] ). Applying this to the section space Γ(E) of an n-Lie algebroid E, we obtain a Leibniz algebra structure on Γ(∧ n−1 E) given by
for u = u 1 ∧ · · · ∧ u n−1 and v = v 1 ∧ · · · ∧ v n−1 . Then we deduce that the anchor map
in the definition of n-Lie algebroids is a Leibniz algebra morphism. This can be proved by replacing v n by f v n in the fundamental identity (20) and then using the Leibniz rule. This condition was listed in the definition of Filippov algebroids in [13] , which is redundant. 
Theorem 3.8. If E is a vector bundle with rankE ≥ 2, then there is a one-one correspondence between (n + 1)-Lie algebroid structures (E, [·, · · · , ·], ρ) and integrable subbundles G Π ♯ defined by (21) of the omni n-Lie algebroid DE ⊕ ∧ n JE coming from Π ∈ Γ(D n+1 E).
Moreover, the bracket and anchor are related with Π by
ρ(u 1 , · · · , u n ) = (Π ♯ ( u 1 , · · · , u n )),
where u i ∈ Γ(E) and : DE → T M is the map in (1).
Proof. By Theorem 2.1, for Π ∈ Γ(D n+1 E), we haveΠ ∈ X n+1 lin (E * ). It is from [1, Theorem 1] thatΠ is a Nambu-Poisson structure on E * if and only if the graph ofΠ ♯ : ∧ n T * E * → T E * is an integrable subbundle of the higher analogue of Courant algebroids T E * ⊕ ∧ n T * E * . By Theorem 3.3, if the graph G Π ♯ ⊂ DE ⊕ ∧ n JE is integrable, then the graph G (−1) n+1Π♯ ⊂ T E * ⊕ ∧ n T * E * is also integrable, which is equivalent to that (−1) n+1Π is a Nambu-Poisson structure on E * . In particular, this Nambu-Poisson structure is linear, meaning that
Therefore, we obtain an (n + 1)-Lie algebra structure on Γ(E). Also, we have
We claim that (E, [·, · · · , ·], ρ) is an (n+1)-Lie algebroid. It suffices to check that ρ : ∧ n Γ(E) → X 1 (M ) defined by (23) induces a bundle map from ∧ n E to T M . This is equivalent to
as ρ(f u 1 , · · · , u n ) = (Π ♯ (df ⊗ u 1 , u 2 , · · · , u n )) + f ρ(u 1 , · · · , u n ).
In fact, as Π is skew-symmetric,
Since rankE ≥ 2, we choose u 1 and u ′ 1 to be independent. So the coefficients of u 1 and u ′ 1 in the above formulas must be zero. Thus we proved (24) . Hence (E, [·, · · · , ·], ρ) is an (n + 1)-Lie algebroid.
From the above verification, the converse direction also holds. Proposition 3.9. For Π ∈ Γ(D n+1 E), its graph G Π ♯ given by (21) is an integrable subbundle of the omni n-Lie algebroid DE ⊕ ∧ n JE if and only if
where the bracket [·, ·] Π on ∧ n JE is defined as
Moreover, such an integrable subbundle induces a Leibniz algebroid
Proof. By the calculation
we see that G Π ♯ is closed with respect to the Dorfman bracket (14) if and only if
This is equivalent to that [·, ·] Π satisfies the Jacobi identity. It is left to check the Leibniz rule. For
For a Lie algebroid E, the first jet bundle JE has a natural Lie algebroid structure with the bracket such that [ u 1 , u 2 ] = [u 1 , u 2 ] E . Similar to this, we have the following result.
Proposition 3.10. Let (E, [·, · · · , ·] E , ρ E ) be an (n + 1)-Lie algebroid. Then
(1) there exists a unique (n + 1)-Lie algebroid structure (JE, [·, · · · , ·], ρ JE ) on JE such that
(2) there exists a unique Leibniz algebroid structure (∧ n JE, [·, ·], ρ) on ∧ n JE such that
and ρ( u 1 ∧ · · · ∧ u n ) = ρ E (u 1 , · · · , u n ), for u i , v i ∈ Γ(E).
Proof. The proof is standard. We omit the details.
Applying Theorem 3.8 and Proposition 3.9 to the case when E is a vector space V , we get a Leibniz algebra gl(V ) ⊕ ∧ n V . Let Π : ∧ n+1 V → V be a skew-symmetric linear map. It induces a linear map
Corollary 3.11. Let Π : ∧ n+1 V → V be a linear map. Then the following statements are equivalent:
(2) V with the bracket {α 1 , · · · , α n+1 } = Π(α 1 , · · · , α n+1 ) is an (n + 1)-Lie algebra;
The equivalence of (1) and (2) is exactly [26, Theorem 3.4 ].
Integrable subbundles of omni n-Lie algebroids and Nambu-Jacobi structures
We explored the integrable subbundles of omni n-Lie algebroids when rank(E) ≥ 2 and found Theorem 3.8. Now we study the case when rank(E) = 1 and particularly when E is a trivial line bundle.
A local n-Lie algebra is a vector bundle E such that Γ(E) has an n-Lie algebra structure with the property supp[u 1 , · · · , u n ] ⊂ suppu 1 ∩ · · · ∩ suppu n for u i ∈ Γ(E). When E is the trivial line bundle M × Ê, it recovers the definition of Nambu-Jacobi structures on a manifold.
Nambu-Jacobi structures are the generalization of both Jacobi structures and Nambu-Poisson structures; see [15, 16, 28, 29] .
Definition 3.12. A Nambu-Jacobi structure of order n on a manifold M (2 ≤ n ≤ dimM ) is a linear skew-symmetric n-bracket [·, · · · , ·] : C ∞ (M ) × · · · × C ∞ (M ) → C ∞ (M ), which is a first differential operator, i.e.
[g 1 g 2 , f 1 , · · · , f n−1 ] = g 1 [g 2 , f 1 , · · · , f n−1 ] + g 2 [g 1 , f 1 , · · · , f n−1 ] − g 1 g 2 [1, f 1 , · · · , f n−1 ], and satisfies the fundamental identity (20) , i.e.
[f 1 , · · · , f n−1 , [g 1 , · · · , g n ]] = n i=1 [g 1 , · · · , g i−1 , [f 1 , · · · , f n−1 , g i ], g i+1 , · · · , g n ],
A manifold with such a bracket on its function space is called a Nambu-Jacobi manifold of order n. A Jacobi manifold is a Nambu-Jacobi manifold of order 2 and a Nambu-Poisson manifold is a Nambu-Jacobi manifold whose bracket vanishes if one of the functions is constant. When n > 2, a Nambu-Jacobi structure of order n is equivalently determined by a compatible pair of Nambu-Poisson structures Λ ∈ X n (M ) and Γ ∈ X n−1 (M ); see [19, 28] for details. 
The pairing of DE and JE is
And the action of Γ(DE) on Γ(E) is (X + g)f = Xf + gf .
Before writing down the structures of the omni n-Lie algebroid DE ⊕ ∧ n JE when E = M × Ê for a general n, we first make clear of the differential on J • E in this case.
Lemma 3.14. When E = M × Ê, we have J n E = Ω n (M ) ⊕ Ω n−1 (M ) and the differential : J n E → J n+1 E is given by
Proof. By the pairing of DE and JE and the action of DE on Γ(E) for E = M × Ê, we have that : Γ(E) → Γ(JE) is given by
which implies that f = df + f . To see the action of on Γ(JE), for α ∈ Ω 1 (M ), we have
Hence we obtain α = dα + α. Here α ∈ Ω 1 (M ) is viewed as an element in
Then, for g ∈ C ∞ (M ) as a section of JE, we have
thus we get g = −dg ∈ Ω 1 (M ), which is seen as a section of J 2 E. The higher degrees are similar to get. 
where
Proof. By the general formula for the Lie derivative and the contraction of an omni-Lie algebroid, using (25) , we have
So we get that L X+f (ξ + g) = L X ξ + f ξ + gdf + Xg + f g.
By the fact that (g) = dg + g for any g ∈ C ∞ (M ) = Γ(E), we obtain
This finishes the proof.
As a consequence, by using the Leibniz rule of the Lie derivative, the Lie derivative of DE on ∧ n JE is also clear.
Proposition 3. 16 . For E = M ×Ê, the omni n-Lie algebroid (DE ⊕∧ n JE, (·, ·), {·, ·}, ρ) is as follows:
• the (∧ n−1 T * M ⊕ ∧ n−2 T * M )-valued pairing is given by
• the bracket is given by = L X α n + f α n + df ∧ α n−1 + L X α n−1 + f α n−1 , (30) {α n + α n−1 , X + f } = −ι X+f (α n + α n−1 ) = −ι X dα n − f α n + f dα n−1 + ι X α n − ι X dα n−1 ,
where X, Y ∈ X 1 (M ), f, g ∈ C ∞ (M ), α n ∈ Ω n (M ), α n−1 ∈ Ω n−1 (M ).
Proof. By (25), we have (X + f, α 2 ) = ι X α 2 , (X + f, α 1 ) = (X + f, 1 ∧ α 1 ) = −ι X α 1 + f α 1 , for α 2 ∈ Ω 2 (M ) and α 1 ∈ Ω 1 (M ), treating as sections of ∧ 2 JE. Based on this idea, we get (28) . (29) is clear. By (26) and the Leibniz rule, we get {X + f, α n + α n−1 } = L X+f (α n + α n−1 ) = L X α n + L X α n−1 + f α n + df ∧ α n−1 + f α n−1 .
This is (30) . Similarly we have {α n + α n−1 , X + f } = −L X+f (α n + α n−1 ) + (α n + α n−1 , X + f ) = −L X+f (α n + α n−1 ) + (ι X α n + f α n−1 − ι X α n−1 ) = −L X α n − f α n − df ∧ α n−1 − L X α n−1 − f α n−1 +d(ι X α n + f α n−1 ) + ι X α n + f α n−1 + dι X α n−1 = −ι X dα n − f α n + f dα n−1 + ι X α n − ι X dα n−1 ,
where the third identity follows from Lemma 3.14. Hence we get (31) .
Remark 3.17. When n = 1, we obtain the structure of the omni-Lie algebroid for E = M × Ê:
where the Dorfman bracket is
for all X, Y ∈ X 1 (M ), f, g ∈ C ∞ (M ) and ξ ∈ Ω 1 (M ).
The skew-symmetrization of this bracket is
This is exactly the bracket given in [35] by Wade in the study of conformal Dirac structures.
Also, the Lie derivative and contraction in Lemma 3.15 coincide with that in [21] , where they defined it directly.
Let E = M × Ê and Π ∈ Γ(D n+1 E). The bundle map Π : ∧ n+1 JE = ∧ n+1 T * M ⊕ ∧ n T * M → E = M × Ê has two components Π = Λ + Γ ∈ X n+1 (M ) ⊕ X n (M ).
As a consequence of Theorem 3.13, we have [f 1 , · · · , f n+1 ] = Λ(df 1 , · · · , df n+1 ) + n+1 i=1 (−1) i−1 f i Γ(df 1 , · · · ,d f i , · · · df n+1 ), f i ∈ C ∞ (M ).
Proof. By definition, Nambu-Jacobi structures on M of order n + 1 are local (n + 1)-Lie algebra structures on the trivial line bundle M × Ê. So by Theorem 3.13 and Lemma 3.14, we obtain a Nambu-Jacobi structure on M with the bracket [f 1 , · · · , f n+1 ] = (Λ + Γ)( f 1 , · · · , f n ) = (Λ + 1 ∧ Γ)(df 1 + f 1 , · · · , df n + f n ) = Λ(df 1 , · · · , df n+1 ) + n+1 i=1 (−1) i−1 f i Γ(df 1 , · · · ,d f i , · · · df n+1 ), which finishes the proof.
This Nambu-Jacobi structure also appeared in [16, 29] with a different sign convention.
